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LOCALIZATION OF CHERN-SIMONS TYPE INVARIANTS OF 
RIEMANNIAN FOLIATIONS 

OLIVER GOERTSCHES, HIRAKU NOZAWA, AND DIRK TOBEN 


Abstract. We prove an Atiyah-Bott-Berline-Vergne type localization formula 
for Killing foliations in the context of equivariant basic cohomology. As an ap¬ 
plication, we localize some Chern-Simons type invariants, for example the vol¬ 
ume of Sasakian manifolds and secondary characteristic classes of Riemannian 
foliations, to the union of closed leaves. Various examples are given to illustrate 
our method. 
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1. Introduction 

1.1. Background and motivation. Given a torus action on an oriented com¬ 
pact manifold, the Atiyah-Bott-Berline-Vergne localization formula [AB841lBV83a) 
allows one to calculate the integral of certain top cohomology classes like character¬ 
istic classes, as a related integral over the fixed point set. This is a generalization 
of an old result by Bott |Bo67] : Given an oriented compact Riemannian manifold 
M with a Killing vector field A, the Pontryagin numbers of M can be computed 
in terms of the zero set of X. If there are no zeroes, these numbers are zero. 
But even in this case M can have nontrivial Ghern-Simons invariants. As we will 
see, a natural example is the volume of a Sasakian, or more generally a A-contact 
manifold. 

The purpose of this paper is to prove a foliated version of the ABBV formula; 
for certain Riemannian foliations we want to localize Chern-Simons type invariants 
to the union of closed leaves. We will apply the formula to compute the volume 
of A-contact manifolds and some secondary characteristic numbers of Riemannian 
foliations. 
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In our ABBV type formula, we decompose Chern-Simons type invariants of fo¬ 
liations into leafwise cohomology classes (the tangential part) and basic cohomol¬ 
ogy classes (the transverse part). This idea is similar to those of Dummy |Du82] . 
Cantwell-Conlon [CC84) . Heitsch-Hurder |HH84| . Hurder-Katok [HK87] and Asuke 
[As04| to prove vanishing theorems of secondary characteristic classes of foliations. 
However, while they localized the tangential part called the Godbillon or Weil 
measures, we will localize the transverse part, primary characteristic classes of the 
normal bundle of foliations, based on equivariant basic cohomology defined in a 
paper by the first and third author [GTlOj . see also |Tbl4] . 


1.2. Main result: an ABBV type localization formula for Killing folia¬ 
tions. Our foliated ABBV type formula applies to Killing foliations, of which the 
main example in this paper is the orbit foliation of a nonsingular Killing vector 
field ^ on a (2n -I- l)-dimensional oriented compact Riemannian manifold {M,g) 
with only finitely many closed ^-orbits. For simplicity, let us state the formula for 
this case - see Theorem 1,8.161 for the general statement. Let T be the closure of 
the flow generated by ^ in Isom(M,g), which is a torus. Let t = Lie(T). Take 
b G i so that the fundamental vector field of b equals ^ and let a = f/K6. Then a 
acts transversely on {M,T) ('Definition 12.11) . Let and Ha{M,T) denote 

the basic respectively a-equivariant basic cohomology of T (see Section 1^^ . For 
a 1-form rj on M such that L^drj = 0, we have the transverse integration opera¬ 
tor J(^jr t R; [cr] i-t /jvfi/Aa associated to rj ('Definition 1,8. 6 L which 

extends to equivariant basic cohomology t <5'(a*). 


Theorem 1 (Foliated ABBV-type localization formula for nonsingular Killing vec¬ 
tor fields with isolated closed orbits). For any a G Ha{M,T), we have an equality 



k 



in the fraction field ofS{a*), where iL^ '■ Lk ^ M are the closed f-orbits, C 

a* are the weights of the isotropy a-action at Lk and Ik = g- 

The general ABBV-type theorem, Theorem 18.161 is proved in Section m This 
result can be seen as an improvement of a localization result obtained by the third 
author [Tol41 Theorem 7.1]. See Remark 1,8.211 for a comparison. 


1.3. Application I: localization of the volume of Sasakian manifolds. We 

can apply the ABBV type formula in the last section to localize the volume of 
Sasakian manifolds, or more generally K-contact manifolds, to the union of closed 
Reeb orbits. Recall that a K-contact structure on a manifold M is a contact 
metric structure (^, g, J, g) whose Reeb flow preserves the Riemannian metric g. 
For simplicity of the presentation, we assume that the action of the closure T of the 
Reeb flow admits only finitely many S'^-orbits. For v G t, denote its fundamental 
vector field on M by With the same notation as in the last theorem, with ^ 
the Reeb vector field and g the contact form, we obtain the following application 
of Theorem 1 (See Section 5.6): 


Theorem 2. Let (M, ^, 77 , J,g) he a (2n-|- 1)-dimensional compact K-contact man¬ 
ifold with only finitely many closed Reeb orbits Li, .. Ljv. Denote the weights of 
the transverse isotropy a-representation at Lk by C a* for k = 1, ..N. 

Then, the volume of M is given by 


Yol{M,g) 




N 




v\l,{v*T 
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where Ik = rj is the length of the closed Reeb orbit Lk, and the fractions on the 
right hand side are considered as rational functions in the variable S t. The total 
expression is independent of v € i. 

Two motivations to find computable formulas for the volume of Sasakian man¬ 
ifolds were given by Martelli-Sparks-Yau [MSY06[ IMSY08] : they calculated that, 
restricted to a space of Sasakian metrics on a manifold M, the Einstein-Hilbert func¬ 
tional equals, up to a constant, the volume functional (see IMSYOSl Eq. (3.14)]). 
Thus understanding the volume of Sasaki manifolds is closely related to the problem 
of hnding Sasaki-Einstein metrics on M. A second motivation comes from string 
theory: restricting to 5-dimensional Sasaki-Einstein manifolds M, the AdS/CFT 
correspondence is a conjectural duality between type Ilb string theory on AdSs x M 
and an A^ = 1 superconformal held theory on the conformal boundary of AdSs. Un¬ 
der this duality, the volume of M corresponds to the central charge a of the held 
theory. With these motivations in mind, Martelli-Sparks-Yau applied a noncompact 
orbifold version of the classical ABBV localization theorem to an orbifold resolu¬ 
tion of the Kahler cone of a Sasakian manifold M in order to hnd a formula for the 
volume. Our method is purely intrinsic and does not make use of the Kahler cone, 
and as such does not need any technical assumptions on the existence of certain 
metrics on the cone (see [MSY081 Footnote 35]). 

As an important special case, we apply Theorem [5] to obtain a computable for¬ 
mula for the volume of toric Sasakian manifolds (see Theorem l6.2l) . Together with 
the observation of Martelli-Sparks-Yau [MSY08] that the volume of a toric Sasakian 
manifold equals, up to a constant, the volume of its momentum polytope (see Propo¬ 
sitioning, our formula also follows from Lawrence’s formula lTheorem l6.6l) for the 
volume of a simple polytope. 

A further class of Sasakian manifolds to which we apply our formula is that of 
(deformations of) homogeneous Sasakian manifolds. We obtain in Corollary 16.91 
a formula for the Sasakian volume in this case which, to our knowledge, has not 
appeared in the literature before. 

1.4. Application II: localization of secondary characteristic classes of Rie- 
mannian foliations. The classifying space FRTq of codimension q Riemannian 
foliations with framed normal bundles is constructed based on Haefliger’s work 
Secondary characteristic classes of codimension q Riemannian folia¬ 
tions with framed normal bundle (Lazarov-Pasternack [LP76a| and Morita [Mo79| ) 
are the pull-back of certain cohomology classes of the classifying space FRTq by 
the classifying map (see |Hu09| for a survey). The topology of FRTq is rather com¬ 
plicated. Instead of analysing it directly, it is classical to investigate the behavior 
of secondary classes on well-chosen examples of foliations to retrieve cohomological 
information of FRTq. This is the motivation for the computation of secondary 
classes of examples of foliations. 

Here we will apply our localization formula to compute these invariants. Given 
a codimension q Riemannian foliation on a smooth manifold with framed normal 
bundle, we have a characteristic homomorphism 

: H{RWq) ^ 

where RWq is the dga of the universal characteristic classes consisting of Pontryagin 
classes pi, Euler class e and their transgressions hi (see Section [7TT]) . The elements 
in the image of Ajr are called the secondary characteristic classes of F. It is simple 
but remarkable that the transgression hi of Pontryagin classes are relatively closed 
('Lemma l7.2l) . This fact allows us to apply our localization formula ('Corollary 17.41) 
to compute some characteristic numbers of Killing foliations. The secondary classes 
of transversely Kahler foliations can be localized similarly. 
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For simplicity, we will state the localization formula for transversely Kahler flows. 
For a complex codimension m transversely Kahler foliation JF on M with framed 
normal bundle, Matsuoka-Morita [MM79) defined a characteristic homomorphism 

where KWm is a differential graded algebra given by 

KWm = /\( mi , ■ • ■,Um) ® (R[si,... ,Sm,,^']/{P | deg P > m}), 

which consists of the universal Chern classes, its transgression and the transverse 
Kahler class. Below we use the multi-index notation ujsj := Ui^/\- ■ Asj-^A- ■ - A 
Sji for I = {ii,... ,4} and J = {ji,... ,ji}. We will denote sj{vT,T) = Ajr(sj), 
uj{T) = /Ajr{ui) and uiSj{F) = IAjr{ujSj). 

Let (M, P) be a manifold with a transversely Kahler foliation of codimension m 
such that is topologically trivial. We fix a trivialization ip 

of A™’’^v*F. Using if we obtain a 1-form ui{J-) on M which is a primitive of the 
first Chern form of (see Definition EHl). Thus we can extend the definition 

of secondary characteristic classes uiSj{T) to transversely Kahler foliations such 
that is topologically trivial. 


Theorem 3. Let {M, J- ) he a compact manifold with an orientable taut trans¬ 
versely Kahler foliation of dimension one and complex codimension m. Assume 
that is trivial as a topological line bundle and that J- has only finitely 

many closed leaves Li, L^. For a given multiindex J = {ji, - ■ ■, ji} with 
ji + ■ ■ ■ + ji = ‘^rn, we have 




UiSj{T) = 


N 

E 


ui{F) 


;‘P) 


where the are the isolated closed leaves of F and sj^a{^F,F) is the eguivariant 
characteristic form of F associated to sj. In particular, in the case where J = {m}, 
we obtain 

(1.1) f 'UlSyj.j(P') - E f 

J ^ J L/k 


As a consequence (see Corollary 17.12p . we recover a formula for some secondary 
characteristic numbers of certain foliations on due to Bott [Bo72a) . Baum- 

Bott |BB72) and Asuke [As 10] . 

Organization of the article. Section [5] is devoted to recall fundamentals of equi- 
variant basic cohomology. The main result, an ABBV type localization formula, 
is stated in Section |31 together with necessary facts on transverse integration op¬ 
erators and Killing foliations. It is proved in Section |TJ modulo the introduction 
of the equivariant basic Thom homomorphism which is contained in the Appen¬ 
dix. In Section |5l we apply the localization formula to the Reeb flow of K-contact 
manifolds. We present examples of computations on toric Sasakian manifolds and 
deformations of homogeneous Sasakian manifolds in Section [SI Section 0 is devoted 
to apply the localization formula to secondary characteristic classes of Riemannian 
and transversely Kahler foliations. 


Acknowledgements. We are grateful to Lana Casselmann for pointing out a mistake 
in the proof of Theorem l3.16l in a previous version. This paper was partially written 
during the stay of the second author at Centre de Recerca Matematica (Bellaterra, 
Spain), Institut Mittag-Leffler (Djursholm, Sweden) and Institut des Hautes Etudes 
Scientifiques (Bures-sur-Yvette, France); he is very grateful for their hospitality. 
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2. EQUIVARIANT BASIC COHOMOLOGY 

2.1. Transverse actions on foliated manifolds. Let us recall the notion of a 
transverse action on a foliated manifold introduced in [ALK08] . which is essential 
to define equivariant basic cohomology in the next section. 

Let M be a smooth manifold, and S(M) the Lie algebra of vector fields on M. 
Given a foliation T on M, the Lie algebra of vector fields on M that are tangent to 
the leaves of T is denoted by S(J^). A vector field A on M is said to be foliated if 
[X, Y\ S S(A) for all Y G S(A). A vector field is foliated if and only if its flow maps 
leaves of X to leaves of X (see [Mo88l Proposition 2.2]). We call the projection of 
a foliated field X to C°°{TM/TX) a transverse field. It is easy to see that the set 
L{M,X) of foliated fields is an ideal in and hence the set 

1{M,T) = L{M,X)/E{X) 

of transverse fields is a Lie algebra with Lie bracket induced from L{M,F). 

Definition 2.1 ( [ALK081 Section 2]). A transverse action of a finite-dimensional 
real Lie algebra g on the foliated manifold (M, X) is a Lie algebra homomorphism 
g^l{M,X). 

If X is the trivial foliation by points, this notion coincides with the usual notion 
of an infinitesimal action on the manifold M. 

2.2. Definition of equivariant basic cohomology. Let us recall the definition 
of equivariant basic cohomology for foliated manifolds (M, X) with a transverse 
action f [GT101 Definition 3.13]), which is a generalization of ordinary equivariant 
cohomology of Lie group actions on manifolds. 

Given a foliation A on a manifold M, recall that the basic de Rham complex of 
(M, X) is defined by 

D(M, X)={aG n{M) I txa = Lxa = 0 for all A G S(A)} 

equipped with the restriction of the ordinary exterior differential d. An element of 
il{M,X) is called a basic differential form and the cohomology 

H{M,X) := H{n{M,X),d) 

is called the basic cohomology of (M, X). It was introduced by Reinhart |Re59] . It 
may be regarded as a replacement for the de Rham cohomology of the leaf space 
which is well-defined also in case the leaf space is not a differentiable manifold. 

Remark 2.2. Take a foliated chart (x, y) = (xi,..., Xp, yi,..., yq) so that the leaves 
are defined hy y = const. Then it is easy to see that any basic form a is of the 
form a = '^ fi{y)dyi, i.e., the pull-back of a differential form on the local space of 
leaves. In this sense basic cohomology is a natural generalization of the de Rham 
cohomology of the leaf space. 

It is not difficult to check (see |GT10[ Proposition 3.12]) that we obtain well- 
defined derivations lx and Lx on Ll{M,X) for all A G 1{M,X), which induces a 
structure of an 1{M, A)-differential graded algebra on Ll{M, X). Namely, it satisfies 
the usual compatibility relations d^ = 0, = 0i Lx = dix + ixd, [d, Lx] = 
0, [Lx,l-y] = ''[x,Y] and [Lx^Ly] = ifv.Y]- Thus a g-action g —>■ 1{M,X) on 
(M, X) induces a structure of a g-differential graded algebra on Ll{M, X). Then the 
Cartan complex of Ll{M,X) [GaSOb] (see also |GS99] 1 is defined by 

n,{M,X) := (5(g*)®L!(M,A))0, 

where the superscript denotes the subspace of g-invariant elements, namely, those 
CT G S'(g*) 0 n(M, X) for which Lxcr — 0 for all A G g. The grading of D(M, X) is 
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defined by Vl^{M,J^) = ® The differential dg of the 

Cartan complex f2g(M, is given by 

{dga){X) = d{a{X)) - ix{a{X)), 

where a G is regarded as a g-equivariant polynomial map g —>■ 

X hA a{X). 

Definition 2.3 l [GTini Section 3.6]). The equivariant basic cohomology of a trans¬ 
verse g-action on (M, F) is defined as 

H^{M,F) := Hin,iM,F),dg) . 

If F is the trivial foliation by points, the transverse action is just an infinitesimal 
action on the manifold M and equivariant basic cohomology reduces to ordinary 
equivariant de Rham cohomology. 

3. An ABBV-type localization formula in equivariant basic 

COHOMOLOGY 

3.1. Definition of Riemannian foliations. To have a foliated version of an 
ABBV type localization formula, one needs good transverse dynamics of foliations. 
Here we recall the definition of Riemannian foliations, which are the main object 
in this paper. 

A Riemannian Haefliger cocycle of codimension g on a manifold M is a quadruple 
{{Ui}, {gi}, {TTi}, {'jij}) consisting of 

(1) an open covering {Ui} of M, 

( 2 ) submersions Tii :Ui ^ 

(3) Riemannian metrics gi on Tri(Ui), 

(4) transition maps 7 ^ : T^jiUi fl Uj) —>■ TTi(Ui fl Uj) such that tti = 7 ^ o ttj and 
7 * 75 * = gj- 

Two Riemannian Haefliger cocycles on M are said to be equivalent if their union is 
a Riemannian Haefliger cocycle on M. A Riemannian foliation of codimension q is 
defined to be an equivalence class of Riemannian Haefliger cocycles of codimension 

5 - 

Given a codimension q Riemannian foliation on M, the connected components of 
the union of the fibers of define a codimension q foliation on M, which is denoted 
by F. We will see that the normal bundle oF admits a natural metric. We obtain a 
metric on oFlui by pulling back the metric gi on 7Ti(Ui) by the isomorphism ( 71 ^), : 
OxF —>■ at each point x G Ui. Since {gi} is invariant under the transition 

maps 'fij, these metrics give rise to a well-defined metric g on oF^ which satisfies 
Lxg = 0 for any X G C°°{TF). Note that one can recover the Riemannian foliation 
from F and g. In this article, the pair of F and g is also called a Riemannian 
foliation on M. 

In general, for a codimension q foliated manifold (M, J^), a metric g on vF is 
called a transverse metric on {M,F) if it satisfies Lxg = 0 for any X G C°°{TF). 
A Riemannian metric on M is bundle-like with respect to F if the metric induced 
on vF via the identification vF = [TF)^ is a transverse metric on {M,F). It is 
easy to see that any Riemannian foliation admits a compatible bundle-like metric 
(see |Mo881 Proposition 3.3]). The following is the notion of the completeness in 
the transverse direction of Riemannian foliations. 

Definition 3.1. A Riemannian foliation on a connected manifold M is trans¬ 
versely complete if there exists a bundle-like metric on (M, F) which is transversely 
complete, namely, any maximal geodesic orthogonal to the leaves is defined on all 
of R. 
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Remark 3.2. Transverse completeness in this definition is different from the one 
in [M 088 I Definition 4.1]. Alvarez-Masa [ALM081 Proposition 15.1] proved that 
a transversely complete bundle-like metric becomes complete after a conformal 
change on the leaves. 

3.2. Integration of basic differential forms. To formulate the localization for¬ 
mula for equivariant basic cohomology, one needs to integrate basic cohomology 
classes of maximal degree. But, in general, there is no good notion of fundamen¬ 
tal classes for the leaf spaces. Instead we will use a classical method in foliation 
theory based on the pairing of differential forms on foliated manifolds. Namely, to 
integrate a basic cohomology class, we multiply it with a leafwise volume form and 
then integrate it over the ambient manifold. This can be interpreted in terms of 
the spectral sequence associated to a foliation. 

Let be a foliation of dimension p and codimension q on an oriented manifold 
M of dimension n = p + q. 

Definition 3.3. A p-form 77 on M is relatively closed if 

dr]{vi,. .. ,Up+i) = 0 

whenever p of the p -I- 1 vectors Vi are tangent to the foliation. 

Example 3.4. The contact form of a K-contact manifold is relatively closed with 
respect to the orbit foliation of the Reeb flow, see Section 15.21 The same holds for 
certain Chern-Simons forms of Riemannian foliations, see Section O 

Let 77 be a compactly supported relatively closed p-form on {M,T). Consider 
the map 

(3.1) [ cti —>[ 77 A ct. 

The following is well-known. 

Proposition 3.5. /(_p descends to a map ^ R. 

Proof. We show that is trivial on the space dVP~^{M, P) of exact forms: For 

a basic {q — l)-form a, we have da = d{ri A a) — drj A a = 0: the first 
summand is zero due to Stokes theorem, and drj A a = 0 because rj is relatively 
closed and a basic. □ 

Definition 3.6. The map /(jr -A R induced from (13.11) on cohomol¬ 

ogy is called the transverse integration operator with respect to rj. 

Here we briefly discuss the ambiguity of transverse integration operators on 
foliated manifolds which comes from the choice of rj. Let {A^T*P), 

where the subscript c indicates compact support. Then r2c(J^) is a differential 
complex with the usual differential djr on each leaf. 

Definition 3.7. The cohomology H, dj^) is called the compactly supported 
leafwise cohomology of {M,P). 

Remark 3.8. The leafwise cohomology Hc{P) is often of infinite dimension and 
non-Hausdorff with the C'°°-topology (see |ALH01) L 

Let rjr : f2(:(M) —>• D(:(J') be the restriction map. Given a compactly supported 
relatively closed p-form rj, it is easy to see that the transverse integration operator 
—!> R with respect to 77 on the differential form level depends only on the 
leafwise cohomology class of the tangential part rj^{rj). Let (resp. E®’*) be the 
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spectral sequence associated to T, which is defined by a natural filtration on 17 (M) 
(resp. and converges to H{M) (resp. Hc{M)). It is known that 

We have analogous equalities in the compactly supported case. Then E^’^ is the 
space of leafwise cohomology classes represented by a compactly supported rela¬ 
tively closed p-form. The wedge product on Vt{M) induces a pairing of E^'^ and 
that reads 

(3.2) eI'^^ ® ^ R 

(see e.g. |Sa781 Section 2]). In summary, we have the following. 

Proposition 3.9. E^'^ is the space of compactly supported leafwise cohomology 
classes represented by a relatively closed p-form. Via the above pairing (IX^ . they 
correspond one-to-one to transverse integration operators. 

Originally Kamber and Tondeur [KT83) developed Poincare duality theory for 
basic cohomology and the spectral sequence of tense Riemannian foliations on closed 
manifolds. By theorems of Masa |Ma92] and Dominguez [Do98] obtained later, their 
results can be applied to general Riemannian foliations on closed manifolds. The 
second author |NoI2) generalized their results for complete Riemannian foliations 
whose space of leaf closures is compact. The case of Riemannian foliations of 
dimension one was established by the second author and Royo Prieto |NRP12] . A 
part of these works is summarized as follows. 

Theorem 3.10 ( |Ma921 rDo981 IKT831 INol^ INR P 1. Let be an orientable 

connected manifold with an orientable transversely complete Riemannian foliation 
whose space of leaf closures is compact. Then one of the following two cases occurs: 

(1) H^{M,F) = R, the pairing (13.21) is nondegenerate. In partic¬ 

ular, {M, T) admits a nontrivial transverse integration operator, uniquely 
up to constants. 

(2) H^{M,T) = {0}, E^'f. = {0} and the pairing (13.21) is trivial. In particular, 
(M, J-) admits no nontrivial transverse integration operator. 

Remark 3.II. It is well known that, if M is compact, by a theorem of Masa |Ma92] . 
the first case occurs if and only if (M, J-) is taut; namely, M admits a Riemannian 
metric g such that every leaf of is a minimal submanifold of (M, g). Note that, for 
transversely complete Riemannian foliations whose space of leaf closures is compact, 
the only if part is true (see [NoI2[ Corollary l.II]) while the if part is not true 
anymore (see |Nol21 Example 9.2]). 

3.3. Killing foliations. Here we recall the notion of Killing foliations. A Killing 
foliation admits a natural transverse action with respect to which we localize. 

The Molino sheaf C of a Riemannian foliation (M, E) is a locally constant sheaf of 
Lie algebras, whose stalks consist of certain local transverse vector fields. Precisely, 
a stalk of C consists of germs of local transverse vector fields on (M, E) whose 
natural lifts to the orthonormal frame bundle of (M, E) commute with any 
global transverse field of {M^,E^), where E^ is the canonical horizontal lift of E 
(see [Mo881 Section 4]). 

Definition 3.12. A Riemannian foliation is called a Killing foliation if its Molino 
sheaf is globally constant. 

Example 3.13. Riemannian foliations on simply connected manifolds are Killing. 
By a theorem of Molino-Sergiescu |MS85[ Theoreme A], any taut orientable 1- 
dimensional Riemannian foliation on a compact manifold is Killing. In particular, 
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the orbit foliation of a nonsingular Killing vector field on a compact Riemannian 
manifold is Killing. 

Any global section of the Molino sheaf C of a Riemannian foliation (M, F) is 
a transverse field on {M,T) which commutes with any global transverse field of 
So the space a of global sections of C is central in hence it is an 

abelian Lie algebra acting transversely on {M,T). For a Killing foliation F, we 
will, following |GT10) . call the Lie algebra a the structural Killing algebra of F. 
By |Mo881 Theorem 5.2], the orbits of the leaves under the action of the structural 
Killing algebra are the leaf closures, cf. also [GTlOl Section 4.1]. In summary, we 
have the following. 

Proposition 3.14. For a Killing foliation {M,F), the space a of global sections of 
the Molino sheaf, the structural Killing algebra, is abelian and acts transversely on 
{M,F) in a canonical way. Its orbits are the leaf closures of F. 

Sergiescu’s orientation sheaf is trivial for a Killing foliation by definition. Then, 
if M is connected and the space of leaf closures of {M,F) is compact, by |Se85[ 
Theoreme I], we have H'^ {M, F) = ffi., where q = cod F. Combining this result with 
Theorem 13.101 we get the following. 

Corollary 3.15. A n orientable transversely complete Killing foliation on a con¬ 
nected orientable manifold whose space of leaf closures is compact admits a non¬ 
trivial transverse integration operator which is unique up to a constant. 


3.4. The localization formula. The analogue of the classical localization formula 
for transverse integration operators with respect to a relatively closed form reads 
as stated below. Let C be the union of the closed leaves of F, and denote the 
connected components of C hy Ck. The Ck are submanifolds of M. 


Theorem 3.16 (ABBV-type localization formula for transverse integration oper¬ 
ators). Let F be a transversely complete orientable Killing foliation on an oriented 
Riemannian manifold M whose space of leaf closures is compact. Furthermore, let 
rj be a compactly supported relatively closed p-form. Then for any a G Ha{M,F), 
where a is the structural Killing algebra of F, we have an equality 



E 




v) ^a{vCk,F) 




Jck/J^ ^a{vCk,F) ’ 


in the fraction field of S{a*), where Lk is a leaf of F\Ck without holonomy, Ik = 
q and CalyCk, F) is the equivariant basic Euler form of the normal bundle of 
Ck (see Section ^A.l]) . 


Corollary 3.17. If, in the situation of Theorem \3.1b\ the closed leaves of F are 
isolated, then we have for any a G Ha{M,F) that 


where q 

(“hia 

Cl- 


f cr = (-27r)«/^ ^/fe • 

J iF.ti') 


' F’V) k rij oij 

is the codimension of F, ik^ ■ Lk ^ M are the closed leaves of F, 
C a* are the weights of the transverse isotropy a-action at Lk and lk = 


Example 3.18. A Riemannian foliation on a compact manifold is always trans¬ 
versely complete and the space of leaf closures is compact. 


Example 3.19. The orbit foliation of a nonsingular Killing vector field X on 
a complete Riemannian manifold {M, g) satisfies the assumption if and only if the 
space of the orbit closures is compact. Here the closure T of the one parameter 
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subgroup generated by T is an abelian subgroup of the isometric group of {M,g). 
The space of leaf closures of is nothing but the orbit space of the T-action on M. 

Remark 3.20. Since Ck is a union of closed leaves, CkjjF is an orbifold. The 
integration is defined as follows: We choose orientations of Ck and vCk (see 

[Tbl41 Corollary 4.8] for orientability) compatible with the orientation of M. The 
integration on the right side is taken with respect to the orientation of Ck- The 
integration of a volume form a on an orbifold, as it appears on the right hand side, 
is defined in terms on the orbifold fundamental class similarly to the manifold case. 
Via a partition of unity, one can assume the support of a to lie in the domain of 
an orbifold chart U = U/Tk, where U is open in K” and T is a finite group acting 
on U. By definition cr has a lift a in U. We define Jjj a ffya where the right 
hand is the usual integral. 

Remark 3.21. This theorem can be regarded as an improvement of |Tol41 Theorem 
7.2]. The ambiguity in the choice of transverse integration operator mentioned in 
Theorem 13.101 results there in constants on the right side of [Tbl41 Theorem 7.2] 
which are hard to determine. In contrast, because of the coherent use of a relatively 
closed form rj in both sides of the equation, here the constants turn out to be 1 (see 
Section 14.ip . 

This localization formula is also more versatile. Whereas the corresponding 
formula in |Tbl4) was used to compute basic primary characteristic numbers, we can 
now also compute secondary characteristic numbers and the volume of K-contact 
manifolds as we will see later. 

Our proof of this theorem runs along the lines of the classical proof of Atiyah 
and Bott [AB84| . but makes use of several transverse analogues of classical objects, 
like the (equivariant) basic Thom isomorphism (see the appendix). 

Remark 3.22. The hypothesis of Theorem [3T6] that the foliation is Killing is essen¬ 
tial in the proof. For example, for an arbitrary isometric transverse action of an 
abelian Lie algebra on a Riemannian foliation, we do not know whether a Borel type 
localization theorem [GTlOl Theorem 5.2] holds (see, for example, |GT101 Proof of 
Proposition 3.6]). 

4. Proof of the ABBV-type localization formula 

4.1. Some facts on transverse integration operators. Let M be an oriented 
connected manifold. Let T be an oriented transversely complete Riemannian fo¬ 
liation. Let iV be a connected component of the union of closed leaves of T. 
By transverse completeness, the normal exponential map exp : vT —>■ M is well- 
defined. By using exp, we can take a saturated tubular neighborhood 17 of with 
a projection u : U ^ N which maps the leaves of to the leaves of 

Let u, : fl)]+*(C/) —>■ f2*(iV) be the integration along the fibers (see for instance in 
|GHV721 1.7.12]), where ^cv denotes the vertically compactly supported de Rham 
complex and r is the dimension of the fibers of u. Since u : (17, R) —>■ {N, T) is foli¬ 
ated, the fiber integration u* descends to a chain map u* : n)]+*(17,7^) —>■ fl*(iV, 7^) 
of basic complexes (see |Tol41 Proposition 4.1]). 

We will use the following well known fact. 

Lemma 4.1. Let I: x [0,1]) —>■ be the integration along the [0, 1]- 

fibers. Then, we have 

j*a — joCt = dia + Ida 

for any a S x [0,1]), where jt ■ U ^ U x [0,1] is defined by jt{x) = {x, t) for 

1 = 0 and 1. 
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Lemma 4.2. Let p — dimJ^ and q = codim For any compactly supported, 
relatively closed p-form rj on {M,F) and any a G we have 

(4.1) M *(?7 A (t) = 1*7] A + d9 
for some 9 G Oc(iV). 

Proof. By the projection formula for integration along fibers |GHV72[ Prop. IX, 
1.7.13], we have 

(4.2) u,((u*z*77) A (t) = i *?7 A u*(T. 

Let C = 7] — u*i*7]. Then we have 

(4.3) u*(r 7 A (t) — 1*77 A M,cr = u*(C A cr). 

Let / : {7 X [0,1] —>■ 17 be a smooth fiberwise contraction of [/ to / is a smooth 
map such that, denoting ft{x) = f(x,t), 

• fi= idc, fo = u and 

• ft preserves T for each t G [0,1]. 

Here, by the last lemma, we have 

C = 77 - 77*7*77 = A* 77 - f*7] = fj*!] - J*f*p = dlfT] + IdfT]. 

By taking the wedge product with a, we obtain 

( A a = {dZf*7]) A cr + {Xdf*7]) A cr. 

By the projection formula for X, we have 

{Xdf*7]) A cr = X{{f*d7]) A prj cr), 

where pr^ : 17 x [0,1] —>■ 17 is the first projection. Here, 

((/*d 77 ) A pri ct) = ( 7 ^(/*d 77 )) A pr* cr = [fif^^^dT]) A pr]; cr 

Since 77 is relatively closed and ft preserves F, it follows that the right hand side 
of the last equation is zero, which implies that {fLdf*7]) A cr = 0. Hence we obtain 

C A cr = {dXf*7]) A cr = d{X{f*r]) A cr). 

With 9 = 77 *(I(/* 77 ) A cr). Equation (14.11) follows from Equation (14.3p . We see that 
9 is compactly supported in the following way. If 773 , = 0 for a x G N, then /* ( 77 ) is 
zero on every point in f~^{x). Therefore suppd is contained in the intersection of 
N, which is closed, and supp 77 , which is compact. Therefore suppd is compact. □ 


As a consequence, the next proposition follows. 

Proposition 4.3. For a compactly supported, relatively closed p-form 77 on {M,F), 
we have 





for any cr G H«„(17, J"). 

Proof. Since supp(77 A cr) is contained in U, we have 



f 77,(77 A cr)= f PrjAUfa’^ f 

Jn Jn J(. 




for any cr G H®„({7,7^), where the third equation is due to the previous lemma. □ 

Remark 4.4. The last proposition corresponds to |T514[ Lemma 5.4] with ct = 1, 
N = Ci and the transverse integration operator defined in a different way. 
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4.2. Proof of the localization formula (Theorem 13.1611 . We will follow the 
original argument of [AB84] adapted to our foliated setting. Let {M, T) be an ori¬ 
ented manifold with a transversely complete oriented Killing foliation with struc¬ 
tural algebra a. Let C be the union of all closed leaves in Here C has 

only finitely many connected components Ci, ..., Cn by the compactness of the 
space of leaf closures of (M, J"). Since {M,T) is transversely complete, by using 
the normal exponential map of Ck, we can construct a foliated tubular neighbor¬ 
hood pk : {Uk,J^) —t {Ck,J-) of Ck in {M,T) so that ..., Un are mutually 
disjoint. Let rk be the codimension of Ck in M. According to |Tol41 Corollary 
4.8], the chain map p, : 0f^*(C'fc,.F) induces an isomorphism 

in basic cohomology. The basic Thom homomorphism : H{C,iF) —^ H[M,T) 
is obtained by concatenating : H{C,iF) —>■ Hcv{U,iF) with the inclusion 

Hcv(U,iF) —>■ H{M,T). This map has an equivariant extension, 

which is called the equivariant basic Thom homomorphism (see Definition IA.6|) . 
The following proposition follows directly from Lemma IA.5I and Equation (IA.6I) . 

Proposition 4.5. We have 


= ea{vC, T), 


where we understand ea(yC,iF) G H[C,iF) = @ H(Ck, if) as the direct sum of 
the basic Euler classes ea(vCk,iF) of the normal bundles of {Ck,iF) (see Defini- 
tion \A.i\} . 


The transverse integration operators for a transversely complete orientable Killing 
foliation T on an oriented manifold M with respect to a compactly supported rela¬ 
tively closed form p extend equivariantly to : Ha{M,iF) —)> <S'(a*) (see [Tol41 

Section 7.2] for details). 

The equivariant basic Euler class ea{vC\J-) is not a zero-divisor in 
indeed, its restriction to a leaf of C is the product of weights of the a-action as in 
the classical case of manifolds with Lie group actions (see Proposition IA.2I1 . There 
is a basic version of the classical Borel localization theorem for the transverse a- 
action of Killing foliations, in which the role of the fixed point set of a torus action 
is played by the closed leaves of E, see [GTlOl Theorem 5.2]. It states that the 
restriction map i* : Ha (M, JT) —>■ Ha (C, E) is an isomorphism on the level of 
localized modules; recall that Ha{M,T) = Q(a*) ^s(a-‘) Ha(M,iF), where Q{a*) 
is the field of fractions of S'(a*). Therefore, by Proposition 14.51 i* : Ha{C,T) —>■ 
Ha{M,T) is an isomorphism with inverse 


5 - 

^ eaiyCk^T) 


Thus, for any tr G Ha{M,iF), we have 


(4.4) 


= ifSa 


k 


ea{vCk,Ty 


after localization. By localizing : Ha{M,iF) —>■ S'(a*), one obtains a map 

: Ha{M, E) —>■ Q(a*). Applying this map to both sides of (14.41) and then using 
Proposition 14.31 for the right side on the the level of equivariant basic cohomology 
proves Theorem l3.16l 
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5. Localization on K-contact manifolds 


5.1. K-contact manifolds. Let M be a (2n + l)-dimensional compact manifold 
with a contact 1-form r]. The conditions r]{^) = 1 and L^drj = 0 determine the Reeb 
vector field The two-form drj gives the contact structure T) := keriy the structure 
of a symplectic vector bundle. We assume that we are given an almost complex 
structure J on V which is compatible with drj in the sense that dr]{JX, JY) = 
dr]{X,Y) for all X,Y and dr){X,JX) > 0 for all X 0, and extend J to an 
endomorphism of TM by setting J(^) =0. Then, we equip M with the associated 
Riemannian metric 


(5.1) 


9 = 2^9 o (1 ® J) -|- r? ® 77 . 


The tuple (^, 77 , J, g) is called a contact metric structure (see |BG07[ Definition 
6.4.4]). Let J- be the one-dimensional foliation on M defined by the Reeb vector 
field We are interested in the case when is a Riemannian foliation. By [BG071 
Proposition 6.4.8], this condition is equivalent to M being a K-contact manifold: 


Definition 5.1. The contact metric structure (^, 77 , J,g) on M is called K-contact 
if ^ is a Killing vector field with respect to the Riemannian metric g. In this case, 
M is called a K-contact manifold. 

Yamazaki [Ya991 Proposition 2.1] showed that a contact manifold admits a K- 
contact structure if the Reeb flow is a Riemannian foliation. In the rest of Section 
Owe will consider only compact KT-contact manifolds. 

The most important examples of K-contact manifolds are Sasakian manifolds: 


Definition 5.2. If the contact metric structure (^, 77 , J,g) on M is K-contact and 
the CR structure (27, J) is integrable, then M is called a Sasakian manifold. 


5.2. Volume of K-contact manifolds. As the top form 77 A (dg)^ is nowhere 
vanishing, we can use it to fix an orientation on M. Then the Riemannian volume 
form on M of the metric in (15.11) is 


(5.2) 


77 A 


{dgT 

2"7r! ■ 


Remark 5.3. Note that [BG07j and [MSYOSj use slightly different conventions. 
For example, the transverse metric is defined to be dg instead of ^dg in [BG071 
Eq. 6.4.2]. Consequently, the Sasakian volume form in [BG07j reads 77 A . Here 
we follow the convention of |MSY08] . 


Then we observe the following: 


Lemma 5.4. The differential form dg is basic with respect to the characteristic 
foliation T, i.e., g is relatively closed on {M,J-). Thus the volume of a compact 
K-contact manifold (M, J, g) is given by 


Vol(M, g) = f 77 A (d 77 )” 

Z 77! J 



5.3. Deformation of Reeb vector fields. It is well-known that one can use 
symmetries of K-contact manifolds to deform a given K-contact structure to new 
ones, with the same CR structure, but different Reeb vector field. Let G be a Lie 
group with Lie algebra g. Consider a compact K-contact manifold {M,£^,g,J,g) 
with a G-action which leaves the K-contact structure invariant, and define 

S-.= {XeQ\g{X*)>0}, 

where is the fundamental vector field associated to X. Then, for any X G S, 
we have a K-contact structure such that 
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• the CR structure is equal to (J, keriy). 

• the Reeb vector field is equal to 

• the contact form is equal to ■ 

The metric is determined by the formula (EH). 

Remark 5.5. As the CR structure does not change during the deformation, the 
deformed structure is Sasakian if and only if the original one was Sasakian. 

This construction for Sasakian manifolds goes back to Takahashi |Ta78| in the 
case where G is a torus. It is now known as a deformation of type I (see [BG071 
Section 8.2.3]). For K-contact manifolds, this type of construction was considered 
in |BR95l Proposition 1] and [No091 Lemma 2.5] (see also |GNT121 Lemma 2.7]). 

Since the contact form is determined by the contact structure and the Reeb 
vector field: 

Proposition 5.6. We have a map 

S —> R>o 

sending X G g to the volume of the deformed K-contact structure with Reeb vector 
field X*. 

This map has been investigated by Martelli-Sparks-Yau |MSY08j in order to find 
Sasaki-Einstein metrics on a given manifold. 

Note that for any X G S we have [A^, ^] = 0. The Killing vector fields A# and 
f thus arise as fundamental vector fields of an action of a torus leaving invariant 
the A-contact structure. We will hence restrict our attention to the case when G 
is a torus. 

Remark 5.7. For a compact K-contact manifold the closure T of the Reeb flow 
in the isometry group is a torus. If the K-contact manifold admits a Reeb orbit 
which is not closed, then dimT > 2. Hence, the Reeb vector field of such K-contact 
manifolds can be deformed in the way described in this section. 

5.4. The canonical transverse action on a K-contact manifold. Let M be 

a compact K-contact manifold. Since the Reeb flow of rj preserves g, by |MS85l 
Theoreme A], the orbit foliation A of the Reeb flow is Killing. The structural Killing 
algebra a is easily identified as mentioned in [GTlOl Example 4.3]: Consider the 
closure T of the flow of the Reeb vector field f inside the isometry group Isom(M, g). 
As a connected Abelian compact Lie group, it is isomorphic to a torus. Let b G the 
the element corresponding to the Reeb vector field, i.e., for which b"^ = Then, 
the structural Killing algebra of A is isomorphic to the Lie algebra f/K6, where t 
is the Lie algebra of T, which naturally admits an isometric transverse action 

(5.3) i/]R6— >1{M,X) 

on (M, A). Below, we will identify a = i/Rfe. 

We will use our ABBV type formula (Theorem [3T6|) to calculate the volume of 
the K-contact manifold M. To apply the theorem directly, those cases are most 
relevant for us in which not all leaves of the Riemannian foliation A are closed, i.e., 
irregular K-contact structures. 

5.5. Equivariant extension of dg. Let M be a compact K-contact manifold. 
In order to apply Theorem 13.161 we need to extend the basic cohomology class 
[(dr?)"] G i7^"(M, A) to an equivariant basic cohomology class in i7^"(M, A). We 
will do so by defining an explicit equivariant extension of the two-form dg to a closed 
equivariant basic form. Choose an embedding A : a —>■ t such that its concatenation 
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with t —^ t/R& = a is the identity. Then we can define an equivariant basic form uj 
by 

(5.4) tuiX)=dr,-r,{E{X)*), 

where oj G is regarded as a g-equivariant polynomial map g —>■ VL{M,T). 

Lemma 5.8. uj is equivariantly closed and satisfies a;(0) = dr]; namely [w] extends 
[dt]] to equivariant basic cohomology. 

Proof. Clearly we have a;(0) = drj. We see that uj is equivariantly closed by the 
following calculation: 

{daUj){X) = d{uj{x)) - Lx#uj{X) = -d{ri{E{X)*)) - Lx*dri = = 0. 

□ 

One can thus apply the Localization Theorem l3.16l to 2 ^.^^ order to calculate 
the volume of M. 


5.6. Volume localization. For simplicity, we restrict in this section to the case of 
a K-contact manifold with only finitely many closed Reeb orbits. Note that in this 
case, if T is the torus given by the closure of the Reeb field, and 5 C t the set of 
admissible Reeb fields that can be obtained by a deformation of type I, then a dense 
subset of vector fields in S have only isolated closed flow lines. In the examples in 
Section ini we will apply the formula below to Reeb fields in this dense subset, and 
obtain by continuity the full volume map S —>■ R>o. Note that, since the isotropy 
action is symplectic at any point on M, its weights are well defined by using the 
decomposition into irreducible representations (see [Le041 Lemma 3.11]). 


Theorem 5.9. Let M be a (2n+ 1)-dimensional compact K-contact manifold with 
only finitely many closed Reeb orbits Li, ..., Lx- Denote the weights of the trans¬ 
verse isotropy a- representation at Lk by C a* for k = 1, ..., N. Then the 

volume of M is given by 


(5.5) 


Vo1(M,5) 




where lk = f] is the length of the closed Reeb orbit Lk, and the fractions on 
the right hand side are considered as rational functions in the variable u G t. In 
particular, the right hand side of (E3 is independent ofv. 


Proof. Let u G t, and define Y = u + R6 G a. Then we can choose an embedding 
i? : a — 1 that sends V to u and is right-inverse to the projection t —>■ t/Rb = a. 
Denote the corresponding equivariant extension of dp defined in ()5.4D by w. In 
particular, uj{Y) = dp — p{v'^). By Corollary 13.171 and Lemma [5.81 we have 


YoliO 


1 

2”n! 




As Lk is one-dimensional, the nominator simplifies to (—1)" i?(^i^)" L 


□ 


5.7. K-contact Duistermaat-Heckman. Before turning to the application of 
Theorem 15.91 to concrete situations, we derive a K-contact version of the Duister¬ 
maat-Heckman formula. Atiyah-Bott |AB84j and Berline-Vergne |BV83b| observed 
that the Duistermaat-Heckman formula [DH82) is an easy corollary of the localiza¬ 
tion formula. In this section, we proceed analogous to their argument. 
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Let M be a compact K-contact manifold of dimension 2n + 1, with K-contact 
metric structure (^, rj, J, g) and denote the Riemannian volume form of g as in (15.211 
by 

2"n! 

Theorem 5.10. Let M be a compact K-contact manifold such that the action of the 
closure T of the Reeb flow admits only finitely many S^-orbits Li, ..Lj-f. Denote 
the weights of the transverse isotropy a-representation at Lk by C a* for 

k = 1, ..N. Then we have for all v G t 



N 




rij cdf {v + Rb) ’ 


where lk = g is the length of the closed Reeb orbit Lk- 

Proof. First, consider the case where M admits only finitely many closed Reeb 
orbits Li, ..L^. Consider the equivariant extension uj of dg as in (1^ : w(X) = 
dg - g[E[X)*)- we choose E ■. a ^ i such that E{X) = —v for some X G a. We 
would like to apply Theorem 15.161 to but as this is not an equivariant basic 
differential form in our sense, we apply it separately to each summand in the power 
series: 




I M 




s=0 


M 


0J%X) 1 ^ 

' _«l on 


^{X) 


N 




s=0 fc=l 


-g{E{X)*)Y{Lk) 


N 


= n-Y.lk 




{Lk) 


k=l 


Y\.aYv + 


The general case follows from the first case like in the argument in the last paragraph 
of the proof of Theorem 15.91 □ 


6. Examples 


6.1. Deformation of standard Sasakian spheres. We will compute the volume 
of deformations of the standard Sasakian structure on (see |BG071 Examples 

7.1.5 and 7.1.12]). The Riemannian metric g is the standard one, with sectional 
curvature 1, inherited from the flat metric on and the contact one-form is 

g = Yl7=o{^i^yi ~ Vid-Xi). Let {27rei}i=o,...,r!, be the standard basis of t, i.e. in 
particular each element is in the integral lattice; the fundamental vector field on 

S2n+1 by g. ig 


Hi = -pi 


d d 

Xi - 


I r\ I 

UXi ^yi 

Then the standard Reeb vector field is ^ = 'fYi Hi = df. For any vector w = 
(wo, ■ ■ ■, Wn) with Wi > 0 we consider the deformed Reeb vector field fw = b^, 
where b^ = WiCi G t. The contact form of the deformed Sasakian structure is 
given by 


EVi)' 

For generic choice of w, the only closed leaves of are those given by \zi\ = 1. 
We denote these by Lq, ..., L„. 

We will now prove the following consequence of Theorem 15.51 which are also 
consequences of results of Martelli-Sparks-Yau and Lawrence (see the next section 
for the statement of their results). 
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Corollary 6.1. We have 


( 6 . 1 ) 

( 6 . 2 ) 


0_ra+l " 

Vol(5^"+\g.) = ^^ 


/3r 


n! 

27r”+i 


2=0 ^ 


n,=: 


.j=0,...,n, ^7^2 V lOi 


{^Wi - , 


n! 


Wo 


Proof. We need to calculate rjw, as well as the nominator and the denominator 
of the right hand side of (15.51) . 

It is easy to see that /^ . lyu, = The weights I n transverse 

isotropy representation at Li (see Appendix lA.ll) are given by the negative of the 
dual basis of {cfc + R^™}fc=o....,i,...n' Explicitly, a* (efe + Rb Id) — ^jk for j,k ^ i. 
This is because [ef,-] = Wk,-], with respect to has block diagonal 

shape Sjk{°ih) = (a,(e,+Rb„) Writing 


n 

2 = 0 

we calculate v + Rb^^ = ^^fc(e/c + Rbw)- Then the 

denominator is given by 

a]{v + Rbn,) = n ■ 


Because the i-isotropy subalgebra at Li is spanned by j n’ have that 

V — ^bu, € iki- The numerator is therefore given by 


Vw\Liiv*T = 



Substituting these equations, (16.ip follows from ()5.5I) . 

As the right hand side of (IQ) is independent of /3j, we can send Po to +oo in 
order to simplify the expression. When doing so, the summands for i 0 tend to 
zero, and the summand for i = 0 tends to ^ . Hence, we get (lOll . □ 


6.2. Toric Sasakian manifolds. Let {M,r],g) be a Sasakian manifold of dimen¬ 
sion 2 ?t, + 1, and denote by T the torus obtained as the closure of the Reeb flow in 
Isom(M). By a result of Rukimbira |Ru941 Corollary 1], one has dimT < n + 1. If 
dimT = n + 1 holds, one calls (M, r],g) a toric Sasakian manifold. 

We briefly describe the Delzant-type correspondence between toric Sasakian 
(2n + l)-manifolds and certain cones in a Euclidean space due to Lerman |Le04) 
and Boyer-Galicki [BGOOj . Letting t = Lie(T), the contact moment map is defined 
by 

$ : M —^ t* 

X I —{X i-7> g{X'^){x)) 

We define a cone in t* by A = ]R>o • 'I’(M), and put At = t ■ <I>(M). Note that 
$(M) = Ai = iJ n A, where H = {ip G t* \ p{b) = 1}. Denote the element of t 
whose fundamental vector field is the Reeb field by & S t. Lerman showed in |Le04l 
Theorem 2.18] that A is a good rational polyhedral cone (because M is a contact 
toric manifold of Reeb type), i.e., there exists a minimal set of primitive vectors 
{vi}i£i C iz in the integral lattice tz = ker(exp : t —^ T) such that 

(1) A = {(^ S i* I p{vi) < 0}, and 
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(2) for any face of A of the form Ann^=i{<i5 G f* I = 0} ^ {0}, we have 

( k \ k 

0 K • n tz = 0 Z • . 

t=i / t=i 

and Vi^,..., Vi^ are linearly independent over Z. 

In particular, for any closed Reeb orbit L, $(L) is a vertex of Ai, and thus there 
exist precisely n of the vectors Vi, denoted uf ,... such that <i)(L)(uf) = 0. We 
fix a determinant det G A"i* such that a chosen integer basis of i is sent to 1 by 
the determinant. We then assume that the vectors are ordered in such a way 
that det(6, Vi,..., v^) > 0. 

Using our localization formula we can now prove: 


Theorem 6.2. We have 


Vol(M, rib) 


-^y _i_ 

2"-n! 0 det(6, t'f', • ■ •, Vn) 

_det(u,uf,...,r;,^)"_ 

OLi det(6, vy,v, uf+i, • • • ,v^)' 


Proof. We first show 
(6.3) 



1 


Let Tl be the isotropy group of the i-action at L and tr its Lie algebra. We identify 
L with T/Tl and let pr ■ T ^ T/Tl be the projection. We identify Lie(r/rL) 
with R so that ker exp is identified with Z and such that b + ir is sent to a positive 
number. Since Tl is connected by [Le04[ Lemma 3.13], the Reeb vector field on 
T/Tl is {pL)*b. By rib{^h) = 1, we get 


(6.4) 



1 

{PL)*b' 


On the other hand, we now argue that {pL)*b = det(6, uf,..., v^): for this we first 
observe that tz is spanned by the uf (see, e.g., [LeOdl Proof of Lemma 6.4]: there 
it is argued that if F is the face of A containing $(p) in its interior, then the real 
span of F is equal to the annihilator t°). That shows that the linear forms (pl)* 
and det(-,?;L... ,v^) have the same kernel. To see that they are actually equal 
we choose, using the fact that A is a good rational polyhedral cone, a vector Vq 
completing the uf to an integer basis of tz, such that det(u|^, ,v)^) = 1. With 

the help of this basis we can identify t with in such a way that tz is sent to 

Z"+^ and tz to M". Because Tl is connected [Le041 Lemma 3.13], this implies that 
{'Pl)*{vo) = 1- This implies (16.31) . 

Denoting by Pn : t —>■ a the canonical projection, {pa(i'i^)}r=i is a basis of a. We 
will show next that the transverse weights of the a-action on vL are given by 
27r times the corresponding dual basis; i.e., wf' G a* so that w^{pa{vj')) = 2'iT5ij. 
Via the natural isomorphism t|^ = a* induced by U C t —>■ a the transverse weights 
are identified with the ordinary weights of the symplectic slice representation at 
L. In the proof of |Le041 Lemma 6.4] it is shown that the momentum image of 
this symplectic slice representation is the cone given as the intersection of the half¬ 
spaces {(fi G II \ p(uf) < 0}. Thus, the edges of this cone are spanned by the 
negative of the dual basis of the vf". On the other hand it is known that (with our 
sign convention) the negatives of the weights of the symplectic slice r epresentation 
also span the edges of the cone. Because it is shown in the proof of |Le041 Lemma 
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6.4] that the form a basis of the integer lattice (and hence also the dual basis), 
the weights are necessarily given by 2'k times the corresponding dual basis. 

In other words we have shown that 


(6.5) 


Wi{v + Rb) = 


2Tr det(&, 




det(&, 


for all i; G t, as can be easily checked by inserting v = vj'. 

Inserting b and on both sides of the following equality shows 

( 6 . 6 ) 


„ , det(u,i;f,...,<) 

Vb[v^)\L = , , L -IT • 


By substituting (|6.3I) . (16.5p and (16.6p into the localization formula (15.51) . we get 


Vol(M,77fa) 


v\L{v*r 

i_ 

2"-n! y det(6, v^,..., vf;) 

_det(u,uf,...,i;,^)"_ 

nr=i det(6, iif,..., . ..,v^) ■ 


□ 


Remark 6.3. We can eliminate the variable v from the formula in Theorem (1621) 
by cutting Ai into a finite union of n-simplices and taking a limit of the term 
corresponding to each simplex in a similar way as in the case of spheres in the last 
section. 


Remark 6.4. Of course Corollary 16.II is a special case of Theorem 16.21 For a toric 
deformation of the standard Sasakian sphere the cone A is, using the notation of 
Section [6.11 spanned by the basis dual to the e^. The primitive vectors Vi are given 
by Vi = —2'nei. For the closed Reeb orbit Lj the vectors are precisely those 
Vi with i ^ j. The simplest way to compute the right hand side of Theorem 16.21 
is then to expand the vector v in the basis Cj, and send one coefficient to infinity. 
Note that the apparently missing factors of 2tt, when comparing with Corollarv l6.ll 
are accounted for by our choice of the determinant. 

In the remainder of this section we will show that this formula for the volume 
of a toric Sasakian manifold can also be proven differently, by combining the fact 
that the volume of M is closely related to the volume of a truncated momentum 
cone, as shown by Martelli-Sparks-Yau, and a formula for the volume of a simple 
polytope due to Lawrence. 

Let C{M) = R+ X M be the Kahler cone of (M, g, rj) with metric g' = dr"^ © r^g 
and symplectic form uj with g'{X,Y) = uj{X,JY). For rj' := we have 

= oj, because L^d/orOJ = 2w (as in [MSY06] . Eqs. (2.3) and (2.4)), and 
r]'\r=i = rj. We define the moment map g, : C{M) —>• t* by = ^ry'(A^); note 
that we use the convention dg^ = —6x#w. Observe that g{M) = A 1/2 = 

Let Ui := /X®* = ^g'{ef) so that dyi = -tg#w. 

Let {ei}i=o,...,n be a basis of t such that {27rei}i=o,...,n is an integer basis of 
the integral lattice tz. Let (j) = (</’o, ■ ■ ■,'('«) : t —>■ K^"'''^/27rZ^”+^ denote the 
coordinates with respect to the basis. We first understand the as forms on the 
principal orbits dual to the fundamental fields. We then extend these leafwise forms 
to forms, also denoted by d(j)i, on the regular part of C{M) such that its kernel 
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contains the span of the Jef. Then ui = ^ on the regular part. The 

volume with respect to Cq A ... A e„ on t* is (27r)"+^. 

We can regard 6 S t as a 1-form on i*. Then VIh is the unique translation 
invariant n-form on t* such that b A Hh = cq A ... A e„. The volume of the dual 
integral lattice with respect to the latter volume form is ^et Vol//(Ai/ 2 ) 

(resp. Volij(Ai)) be the volume of A 1/2 (resp. Vol/f (Ai)) with respect to the n-form 
fin- 

Proposition 6.5 f [MSY06l Eq. 2.74 and 2.86]). 

(6.7) Vol(M,r; 6 ) = 27r"+i Volff(Ai). 


Proof. We fix a metric on t such that the are orthonormal, and the dual metric 
on i*. Let Oq be the volume form on H determined by orthonormal frames. Then 
we have flo = II^II^h- Let Volo(Ai/ 2 ) be the volume of A 1/2 with respect to flo- 
We have Volo(Ai/ 2 ) = || 6 || Vol_f/(Ai/ 2 ). From 


1 

n! 


I fl ^(A<i/2) 


L ^(A<i/2) 


\d(j)o ... dcfndyo ■ ■ ■ dyn\ = { 27 r)”+^ Vol(A<i/2), 


where A<i /2 = {w S A | w{b) < 1/2}, it follows that we have 


Vol(M,? 7 b) = 2(n-|- l)Vol(^ ^(A<i/ 2 )) = 2{n+ l)(27r)"+^ Vol(A<i/ 2 ), 

see |MSY061 Eqs. (2.72)-(2.74)]. Since A<i /2 is a pyramid of height 1/2||&|| with 
the base A 1/2 (if write b = - biCi, then A 1/2 = {E | E hence 

the shortest element is (E )/2||^ll^) which has length 1/2||6||.), we have 

= 2(n+\)||5|| = 2 (//Ti) 

Since we have 2" Volij(A 1 / 2 ) = Vol/f(Ai), (16.711 follows. □ 


The following application of a formula of Lawrence for the volume of a simple 
polytope gives a method to compute Vol//(Ai). 


Theorem 6.6 ( |La91[ Theorem on p. 260]). Take u € t and d € M. so that the 
function f{x) = u{x) + d on t* is nonconstant on each edge of Ai. Then 


( 6 . 8 ) 


voi„(A,) = ly: 

L 


■ ■■■■In' 


where L runs over the set of closed Reeb orbits, 7 /" £ K is determined by 

u = -fob + -b • • • -b 

and = det(5, r)}', ‘ ‘ ‘ ) ’^n)- 


Proof. Lawrence’s Theorem applies to simple polytopes 

P = {v gV \ {v,ai) < bi} 

in a Euclidean vector space {V, (•,•)), where Oi G V, and bi G R. 

In order to apply the Theorem of Lawrence, we identify the affine hyperplane PI 
with the vector space V = {u G i* | v{b) = 0} using the map 

'S -. H = {w Gt* \ w{b) = 1} —)> b-'--, w I —w - 777 ^ 6 *, 

l|or 


where v 1 -^ v* denotes the identification t —>■ t* 
Let Gi G and G M be defined as 

{vi,b) ,, 


Oi := Vi - 


b,.= 


{vi,b) 

ll&P ’ 
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where (•,•) is the chosen inner product on t. Denoting with the same symbol the 
dual inner product on i* we then have 






w{vi) + bi 


for w G H, hence 'I'(Ai) = {v G b-^ \ {v,ai) < bi}. Noting that Volo(Ai) = 
Vol('Ii(Ai)), where the volume on the right hand side is defined using the inner 
product (•,•), we apply Lawrence’s Theorem: we choose a function / on t* of the 
form f{v) = {u,v) + d for some u G b^, and obtain (note that /('I'(w)) = f{w)) 


Volo(Ai) = i-^ 




nl ^ 


■In 


where = | det(af,... ,a^)| and u = yfaf + ... + 7 ^ 0 ^. 


determinant on b^, hence = ttotI det( 6 , ay,..., a„)| = 


Here, det is a Euclidean 
U^l det( 6 , af,..., a^)| = Because and v* 

differ only by a multiple of 5*, the numbers yf,... , 7 ,^ coincide with those defined 
in the statement of the theorem. The proof follows from Volo(Ai) = || 6 || Vol//(Ai). 

□ 


By combining Proposition 16.51 with Theorem 16.61 we obtain a second proof of 
Theorem 16.21 because yf = det(6,i;f,..., u, ... ,v^). In fact, any two of 
these results imply the third. 

6.3. The homogeneous Sasakian manifold SO(5)/SO(3). In this section, we 
calculate the volume of deformations of the homogeneous Sasaki structure on the 
Stiefel manifold. We use the notation of |GNTI21 Section 8]: consider the real 
cohomology 7-sphere SO(5)/SO(3); here, SO(3) is embedded inSO(5) as/2xSO(3), 
where I 2 is the (2 x 2)-identity matrix. 

xT^ = (SO(2) X SO(2) x 1) x SO(2) c SO(5) x SO(2) acts on 
SO(5)/SO(3) via {g,h) ■ fcSO(3) = gkh~^ SO{S). We identify the Lie algebra 1^ 
of = T'^ X C SO(5) X SO(2) with a vector w S corresponds to an 
element £ t^. The Reeb vector field ^ of the homogeneous K-contact structure is 
the fundamental vector field of 6 = li(o,o,i)- (Note that at eSO(3) the Reeb vector 
held ^ is equal to —E 12 -|-so(3), where Eij is the matrix with all entries zero except 
1 at the ij-entry and —1 at the ji-entry.) Let w = {x,y,z) G be such that 
the corresponding one-parameter subgroup has only hnitely many closed orbits in 
SO(5)/ SO(3). The closed orbits then coincide with the one-dimensional T^-orbits, 
of which there exist exactly 4 (see [GNT121 Section 8]). As explained in Section [OJ 
the deformed contact form rjyj with Reeb vector held = blj} is given by 

_ ^ 

Vw — \ 5 

where rj = (&, •), and (•, •) is induced by a bi-invariant Riemannian metric on SO(5), 
normalized so that ||£’i 2 || = 1- We hx a vector v = (a,/3,y) G t. We will show the 
following by the localization theorem. 

Theorem 6.7. We have 

2Tr^ 1 

(6.9) Vol(A/,,,J = —^3— 

Proof. Let us calculate in detail the relevant data at the closed Reeb orbit through 
e SO(3). Along this closed Reeb orbit, is exactly (z—a:)6^, so its length calculates 
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Still along this closed Reeb orbit, we have = z — x; moreover, ? 7 (w'^)eso( 3 ) = 
7 — a. Therefore, the nominator in the localization formula is 

^u'lsO(2)-eSO(3) = 

We have = {(x, y,x) \ x,y € M}, and the projection — j. 0 |q| ^ ^^3 

onto the first summand is an isomorphism. The natural projection T^kG/K —>■ 
TshG/H, where G/H = SO(5)/SO(2) x SO(3) becomes equivariant with respect 
to this homomorphism. Considering the induced isomorphism 

(6.10) ^ iln —^ ^ tVRfcu; = a, 

where the first map is the inverse of the projection —>■ f^, we see that the 
transverse weights in a* are in one-to-one correspondence to the ordinary weights 
of the t^-isotropy on SO(5)/ SO(2) x SO(3): if r S (i^)* is a weight, then the induced 
transverse weight in a* is given by 

( Q — 'y o. — ^ \ 

a -I-cc, /3 -I- -y). 

Z — X z — X J 

To see this, observe that the inverse a —?► of the isomorphism (16.1011 is given by 
(a, /3, 7 ) -I- !->■ (a -I- 73 ^ ■ x, (3 + 73 ^ • y). The ordinary weights of the t^-isotropy 

are given by positive roots of SO(5) which are not roots of SO(2) x SO(3). Denoting 
the standard basis of by {ei, 62 }, the weights are e*, ej; -|- e\ and e* — ej, because 
62 is also a root of SO(3) x SO(2). 

Thus, the denominator is given by 




a — 7 
z — X 



a — 7 
z — X 


a — y 





a — 7 

-• X — 

z — X 



We omit the calculations for the other three closed Reeb orbits, which are parame¬ 
trized by the quotient of Weyl groups 1T(S0(5))/W(S0(2) x SO(3)). The four 
summands in the localization formula (I01) and the final formula for the volume 
read as follows: 


27r^ 

Vo1(M,5^) = - —■ 


{7 - af 


(^-x)4(a + f5^.a:)(a + f5^.a: + /3+f5^.y)(a + f5^.x-{/3+f5^.y)) 

_ (q + t)^ _ 

(* + *)-(«-fS ^ *)(o - ^ +/J - fS ■»)(«-Si /J + ^!/) 


+ 


x-\-z 

{l-p? 


{z - -P ^ • y){p + ^ . y + a -b ^ • x){l3 + ^ ■ y - {a + ^ ■ x)) 


{P + lf 




y+z 


y+z 


y+z 


y+z 


27r4 


1 


3 — y‘^){z^ — x^)' 


Since the long expression is independent of the vector v = (a,/3,j), we can show 
the second equality by sending a to infinity. In this way, the third and fourth 
summand vanish. □ 
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For w = (0,0,1), we obtain the volume of the homogeneous K-contact structure 
we started with. 


Corollary 6.8. 

Vol(M, 3(0^0, 1 )) = 

6.4. Homogeneous Sasaki manifolds: general case. We consider a (2n + 1)- 
dimensional compact homogeneous Sasaki manifold, which by |BG07l Theorem 
8.3.6] is the total space of a circle bundle of the form tt : G/K —>■ G/H, where 
H is the centralizer of a subtorus of the compact Lie group G. We can assume 
that the Reeb vector field ^ of the homogeneous Sasaki structure on G/K is the 
fundamental vector field of an element 6 G g; it then follows that b is in the center 
of G. The 6-orbits are exactly the S'^-fibers of the 5'^-bundle G/K —>• G/H, so 6 is 
also contained in f). We assume the normalization condition that the Reeb orbits 
of G/K all have length 1 (by applying a transverse homothety). Let T C H he a 
maximal torus in H (which is then also maximal in G), whose Lie algebra t contains 
b. Then, t splits as 

(6.11) t=(tnt)0R6. 

Note that the example of the previous section fits into the notation of this section if 
we write SO(5)/SO(3) = SO(5) x SO(2)/SO(3) x SO(2) = G/K, where the group 
SO(2) in the denominator is embedded diagonally. 

Let = 6'^, for 6' G S{'D, J), be the Reeb vector field of a deformed K-contact 
structure; for generic, i.e., dense choice of 6', the number of closed Reeb orbits is 
finite. In this case, they coincide with the one-dimensional orbits of the T-action on 
G/K by left multiplication, which is the same as the 7r-preimage of the T-fixed point 
set in G/H. Denoting the contact form of the homogeneous K-contact structure 
by rj, the deformed one with Reeb vector field is given by 

' _ ^ 

Vii')' 

As C does not have zeros on G/K, certainly b' ^ t. Thus, the map i fl ^ t — 
t/]R6' = a is an isomorphism. Choose a vector u S i. 

We will apply our localization formula to show the following. 


Corollary 6.9. We have 


(6.12) Yo\{G/K,i^') = — - Y. 

weW(G)/W{H) 

1 


p(Ad„,-i vY' 


a (Ad^-. („ - .(.'))’ 

where W{G) (resp. W{H)) is the Weyl group of G (resp. H), Aq (resp. Ah) is 

the root system of G (resp. H) with respect to t and p : t —>■ K6 R denotes the 
projection along (I6.11|) . 

As always, the right hand side of this formula is independent of v. 


Proof. Let us calculate the summand in the localization formula (15.51) corresponding 
to the closed Reeb orbit through wK, w G W{G). Then, along the Reeb orbit 
through wK, we have b' = p(Adu,-i b')b. Thus, by our normalization condition for 
the original homogeneous Sasakian structure, the length of this closed Reeb orbit 
computes as 

v' = - ^ -• 

p(Ad„-i b') 
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A similar calculation shows that the nominator in the respective summand is 
given by 


(6.13) 


■n'{v*)\wK = 


p(Ad^,-i v) 
p(Ad™-i V) ■ 


To calculate the weights of the transverse a-representation at wK, we first note 
that for each w S W{G), a is isomorphic to imK via 




— a. 


Moreover, the tu,ic-slice representation on VwrT ■ {wK) is equivalent to the iwK- 
representation on TyjnG/H, whose weights are given by 

{ o Ad^-i I a e Ac \ A//}. 

Then, the set of transverse weights of the a-representation is given by the set of all 
concatenations 


(6.14) 


■ ImiC 


Ad. _i 


tnt- 


where a runs through Ag \ Ah- Concretely, we have that v — rj'{v'^)\wK ■ b' G iwK', 
using (16.1311 we see that (16.1411 is given by 


v + M.b' 


a 



f _ p(Ad^,-i v) 

V p(Ad^-i b') 



In total, we obtain (I6.12|l by the localization formula (15.5L 


□ 


7. Localization of secondary characteristic numbers of Killing 

FOLIATIONS 

7.1. Secondary characteristic classes of Riemannian foliations. Secondary 
characteristic classes for foliations are Chern-Simons invariants defined by the van¬ 
ishing of certain characteristic forms of the normal bundle of foliations. See Sec¬ 
tion HH for the introduction to secondary characteristic classes of foliations. We 
will show that certain secondary characteristic classes of Riemannian foliations can 
be localized to closed leaves by our localization formula ('Theorem 13. 1611 . 

Let us recall the construction of secondary characteristic classes of Riemannian 
foliations with framed normal bundle |LP76a) . Let M be a smooth manifold and 
J- a Riemannian foliation of codimension q on M with trivial normal bundle. We 
fix a trivialization of vJ-. Let V be the canonical basic Riemannian connection on 
vJ- (see [To971 Theorem 5.9]), which is determined by the transverse metric. Let 
P be the orthonormal frame bundle of vP. In terms of the connection form and 
the curvature of V, we have the Chern-Weil homomorphism 

S: W{50q) —^ n(P), 

where W{sOq) = /\sOq C) S{sOq) is the Weil algebra of so,. Since H{W{sOq)) = 0, 
this map S does not give any nontrivial information. By construction, the Lth 
Pontryagin form of (5 is a basic form of degree 4L Therefore Pontryagin forms of 
degree greater than q are trivial as proved by Pasternack. So 6 {(B 2 k>qS^{so*)) = 0. 
Letting Wq{sOq) = IT(sOg)/ ® 2 k>q S'^(sop, we get the following induced map 

(5 : ^,( 50 ,) ^ niP). 

Let s : M —>■ P be the global section corresponding to the trivialization of vP. 
Then the characteristic homomorphism Ajr of (M, P) is obtained by the composite 

Wq(s0q) n{P) n{M). 
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Elements in the image of the map induced in cohomology by are called secondary 
characteristic classes of {M,T). The structure of H{Wq{sOq)) was determined by 
Lazarov-Pasternack as follows: Let 

RWq = /\(/ii,...,/i(g-i)/ 2 )® (R[pi,---,P( 9 -i)/ 2 ]/{-P I degP > q}) 

if q is odd and 

RWq = /\ihi,.. . ,h(^q_2)/2,he) 0 (Rbl, - ■ • , Piq-2)/2, Pe] / {P \ deg P > g}) 

if q is even. This RWq is a differential graded algebra (dga) with differential deter¬ 
mined by dhi = Pi, dhe = Pe, dpi = 0 and dpe = 0. Then we have a natural isomor¬ 
phism H{Wq{50q)) = H{RWq). Denoting pi{vT,T) = Ajf(pj), hi{T) = Ajr{hi) 
and hipj{P) = Ajr{hipj), 

• pi{vP,P) is the i-th Pontryagin form of {vP, V), 

• Pe{i'P,P) is the Euler form of V) and 

• hi\p) is the Chern-Simons form s*T(5(pti [LP76al Remark 1.7]. 

Remark 7. 1. Morita [Mo79| defined more characteristic classes of Riemannian foli¬ 
ations by using the canonical affine Cartan connections on P and the Weil algebra 
of affine groups. 

As already mentioned the main formula in [Tdl4j allowed the computation of 
the primary basic characteristic numbers through localization to the union of closed 
leaves. Now we will see how secondary characteristic numbers, i.e. the integrals of 
secondary characteristic classes of top degree, can be computed by localization. 

7.2. Application of the ABBV type formula to secondary characteristic 
numbers of Riemannian foliations. Let us apply our localization formula to 
compute secondary characteristic numbers of Killing foliations. We use the multi¬ 
index notation hjpj := A • • • A hi^, A A • • • A pj^ for I = {ii ,..., i^} and 
j ~ {jit ■■■ 1 jm}- 

Let M he a smooth manifold with a Riemannian foliation P of dimension p and 
codimension q. Fix a trivialization of vP. Then, we have a characteristic forms 
hi{P) aiidpj{vP,P) of {M,P). 

Lemma 7.2. A form of type hi{P) of degree p is relatively closed. 

Proof. Since dhi^, (P) = pi^ [vP, P) is basic and of degree larger than one, it follows 
that dhi^, {P) A ..., Up+i) = 0 whenever p of the p -I- 1 vectors Vi is 

tangent to P. Thus hi{P) is relatively closed. □ 

In order to apply Theorem 13.161 we need to extend the basic form pj equiv- 
ariantly. Assume that is a Killing foliation. Let a denote the structural Killing 
algebra, which acts on (M, P) transversely (see Section llOl) . Let 9 be the a-invariant 
connection form of the basic Riemannian connection V. As in the classical case of 
manifolds with Lie group actions, the equivariant curvature form 

:= d^e + i[6»,6»] e nl{M,P) 0 End{nP) 

can be used to extend characteristic forms. By Chern-Weil construction, we get 
equivariant Pontryagin form pj{F^), which is denoted by pj^a{vP,P). 

Lemma 7.3 l [Tdl41 Section 7.2]). We have pj^a{vP,P){Q) = pj{vP,P) and 
daPj,a(i'Pt P) = 0. In other words, pj^a(vP,P) is a natural equivariant extension 
of Pji^PtP) ond represents a class in Ha{M,P). 

As a corollary of our ABBV-type localization formula we obtain the following 
result. 
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Corollary 7.4. Let M be a compact oriented manifold with an orientable Killing 
foliation T of dimension p and codimension q. Assume that vT is trivial, and fix 
a trivialization to define secondary classes. If deg hi = p and degpj = q, then we 
have 


(7.1) 


IM 


hip,j{T) = y^Jk 

k 


>Ck/r 


e.iyCk,T) 


where ic^ '■ Ck ^ M are the connected components of the submanifold of M given 
by the union of closed leaves, Lu is a leaf of iF\Ck without holonomy and Ik = 
hi{iF). In particular, if has only finitely many closed leaves Li, ..., 

Ln, then we have 


(7.2) 


[ hipj{T) = E f / 

JM j, \JLk / JLk 




and hipeiJ^) =EkfL, 


Proof. By Lemma 17^ we have hipj{iF) = /(jr ■^)- Then (17.11) 

follows from Lemma 17.31 and Theorem 13.161 If (M, if) has only finitely many 
closed leaves Li, ..., Lm, then we have vL^ = i*L^vT for k = 1, ..., N. Be¬ 
cause ea{yLk,iF) = i*i^^Pe,a{^iP,d^), we obtain (17.211 from (17.111 . The last equation 


follows from 




□ 


7.3. The case of transversely Kahler flows. Transversely Kahler foliations are 
defined in a similar way as for Riemannian foliations, and their secondary classes are 
richer than those of Riemannian foliations. A transversely Kahler Haefliger cocycle 
of complex codimension m on a manifold M is a quintuple ({tA}, {pi}, Wi}, {lij}) 
consisting of 

(1) an open covering {Ui} of M, 

(2) submersions tt^ : 17^ —>■ 

(3) Riemannian metrics gi on -WifUi), 

(4) symplectic form uji on 7Ti{Ui) such that gi and uji determine an integrable 
complex structure Ji on TTi{Ui) by the equation gi{X, JiY) = uJi{X, Y), 

(5) transition maps jij : T^j{Ui AUj) —>■ TTifUi n Uj) such that = ^ij o TTj, 
1^39^ = 93 and 7 * 0 ;^ = ujj. 

The invariance of uJi under transition maps implies that LOi yields a 2-form ui on 
M, which is called the transverse Kahler form. A transversely Kahler foliation is 
defined to be an equivalence class of transversely Kahler Haefliger cocycles, where 
the equivalence relation is defined by union as in the case of Riemannian foliations. 

The equivalence relation of transversely Kahler Haefliger cocycles is defined as 
in the case of Riemannian foliations. 

Two Riemannian Haefliger cocycles on M are said to be equivalent if their union 
is a Riemannian Haefliger cocycle on M. A Riemannian foliation of codimension q is 
defined to be an equivalence class of Riemannian Haefliger cocycles of codimension 
9- 

Here we recall the characteristic classes of transversely Kahler foliations con¬ 
structed by Matsuoka-Morita. Let (M, X) be a transversely Kahler foliation of com¬ 
plex codimension m with framed normal bundle vX. We have the eigenspace bundle 
decomposition v^X = v^^X^v^^PX of the complex structure. Let pr : TcM —>• v^X 
be the projection and E = pr“^(i/°’^J^). Take a bundle-like metric on TM which 
induces the underlying transverse metric under the identification {TX)-^ = vX. 
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Define a connection V on v^-^T by 


(7.3) 




pr[X,r]^ 

pr(Vi^y) 


X e C^{TcT),Y & 

X e C^{vcJ^),Y & C'“(pi’°) 


where pr(X) = X and pr(y) = Y. Since E is involutive, V is well defined. 


Remark 7.5. One can show that VxY = pr[X, y] for X G C°°{E) and Y G 
by using the fact that the (0, l)-part of the Levi-Civita connection of 
Kahler manifolds is equal to d. Namely, V in (17.3|) is a complex Bott connection 
in the sense of |Asl01 Definition 1.1.7]. 


Lemma 7.6. The curvature form E^ ofX is a basic (1, l)-form valued in End(p^’°J^). 


Proof. Here V obtained by complexifying the canonical basic connection in the 
sense of [To971 p. 21]. Thus, by the same computation as |To971 Proof of Proposition 
3.6], one sees that PV is a basic 2-form valued in End(p^’°J^). The fact that EV is 
of degree (1,1) follows from a local argument. Take any element : [7^ —>■ of 

the Haefiiger cocycle. Here TTi{Ui) has a Kahler structure It is well known 

that the Levi-Civita connection V® of gi on T^'^nifUi) is a Chern connection, which 
implies that the curvature form Ev“ is of type (1,1) by well known argument. By 
the definition of V, it is easy to see that we have tt* VtcK = for 

basic X,Yg C°°{TcM), namely, V is the pull back of V* by 77^. Thus we have 
that the curvature form EV of V is the pull back of that of V®. Then it follows 
that Fy\u^ is of degree (1,1). □ 


By the last lemma, the Chern forms of V of degree greater than m are trivial. 
Thus the Chern-Weil homomorphism of V induces S : H{KWm) —> E7(t7(i/^’°J^); R), 
where is the unitary frame bundle of and 

KWm = /\(ui, • ■ • , Wm) C) (R[si, . . .,Sm,^]/{P | deg P > to}) 

is a dga with differential d determined by dui = Si, dsi = 0 and d^ = 0. Here 
Ajr($) is equal to the transverse Kahler form of E. Then, as in the last section, 
the characteristic homomorphism 

Ax : H{KWm) ^ 

is obtained by the composite of S and s* : —>■ E7(M;R), where s is 

the section induced by the trivialization of We use the multi-index notation 

uisj as in the introduction and will denote sj{vE,E) = Ax{sj), ui{E) = Ax{ui) 
and uiSj{E) = Ax{uisj). 

Remark 7.7. The original construction of Matsuoka-Morita of these classes was 
based on the canonical affine Cartan connection of They proved that it is 

equivalent to the construction above. 

Here si{v^'°E) = tr(Pv) is equal to the first Chern class of P. This 

fact allows us to define ui{E) for a transversely Kahler foliation with trivialized 
A"®’0p*P but not necessarily framed normal bundle. 

Definition 7.8. Let {M,E) be a manifold with a transversely Kahler foliation of 
complex codimension m such that A"®’*^p*P is trivial as a topological line bundle. 
Let (/? be a trivialization of t/(l)-bundle U{/\^’^v* E) —>■ M associated to A®"’°i/*P. 
Then we define ui{E) by 

ni{E) = 

where 9 G fl^(t7(A"®’°p*P)) 0 u(l) is the connection form of the Chern connection 
on f\^’^v*E induced from v^’^E. 
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Remark 7.9. The characteristic class mis™ is called the Bott class. The Bott class 
of transversely holomorphic foliations is defined as a cohomology class of coefficient 
C/Z even for transversely holomorphic foliations {M,R) with nontrivial N^'^v*T 
(see [As03) l. 

It is easy to see that we have dui{J-) = si{vJ- ,J-). Then, in the case where 
dim = 1, we see that ui{T) is also relatively closed like as in Lemma [7^ There¬ 
fore we obtain the following corollary of Theorem KI.lfil 


Corollary 7.10. Let (M, J^) be a compact manifold with an orientable taut trans¬ 
versely Kdhler foliation of dimension one and complex codimension m. Assume that 
jr j^g frivial as a topological line bundle and (M, T) admits only finite closed 
leaves Li, ..L]\f. For a given multiindex J = (ji,..., jf) with ji + ■ ■ ■ ji = 2m 
we have 


(7.4) 


N 

/ uiSj{F) = V 
■’M k=i 



il^Sm,ai’^iF,d^) ’ 


where the are the isolated closed leaves of T and sj^a{^J^,J^) is the equivariant 
characteristic form of F associated to sj. In particular, in the case where J = {m}, 
we obtain 


(7.5) 


UlSj 


f M 




Lk 


ui{F). 


Proof. We first remark that an orientable taut transversely Kahler foliation of di¬ 
mension one is a Killing foliation by |MS851 Theoreme A]. Since the equivariant 
Euler class of z/Lfe is equal to i*^^Sm,a{^F,F), Eq. (17.41) is a direct consequence of 

Theorem 13.161 Then Eq. (17.511 follows from C’CI =1- Q 


Below we will apply Corollarv l7.10l to an example considered previously by Bott, 
Baum-Bott and Asuke. We will need the following well known computation of 
ui{F). 

Lemma 7.11. Let {M,F) be a manifold with a transversely Kdhler foliation of 
complex codimension m. Let ip be a trivialization of which is regarded as 

an m-form on M. Assume that a 1-form a on M satisfies dp = 2'K^f^^a A p. If p 
is induced from a trivialization of then we have a{X) = ui{F){X) for any 

tangential vector field X G C°°(TcF). 

Proof. Since we will prove a local formula, we can assume that F'^F is trivialized 
with a trivialization Zi, ..., such that p{Zi,..., Zm) = 1. Let pr be the 
canonical projection pr : TcM —>■ F’^F. Take Lj G C°°{TcM) so that prl^ = Zi. 
Recall that E denotes the vector subbundle of TcM such that TcM/E = F^^F. 
For X G C°°{TcF), we have 

2^T^/Ma{X) =dpiX,Yi, ...,Ym) 

m 

=Xp{Y^,. ..,Ym)+ ^(-1)W,(^(A, Y^,...,Ym) 

+ ^ (-iy+^p([Y„Y,],X,Y,,...,Y„...,Y„...,Y„,) 

m 

+ Y^{-irp{[X,Yi\,Y^,...X...,Y^) 

2 = 1 


(7.6) 














LOCALIZATION OF CHERN-SIMONS TYPE INVARIANTS 


29 


Here the first three terms are zero. Since SIxZi = pr[X, 1^], we have 

m 

pr[X,y,] = VxZ, = 

i=i 

where k is the connection form of V with respect to the framing {Zi}. Thus it 
follows that the right hand side of (dD is equal to 

m 

m m 

Fi,..., , F™) = - ^ Ku{X) = - tr k(X). 

Since ui{X) = -^^^trK by |CS741 Eq. (3.5)], one obtains that a{X) = ui(J^)(X). 

□ 


Let w = {wq, ... ,Wm) S (]R>o)'"''"^, and consider the deformation of type I of 
the standard Sasakian structure on whose Reeb vector field is given by 



Let Tu! be the orbit foliation of the Reeb flow. Then Tw admits a transversely 
Kahler structure induced from the Sasakian structure. We choose w generically so 
that the only closed leaves of Xw are those given by jzij = 1, i = 0,... ,m. We 
denote these by Lq, ..., Lm, respectively. We embed 52 ™+! to as a unit 

sphere. Then 

m 

tr = \/XT'y^{—iywjZjdzo A • • • A dzj A • • • A dzm 
j=o 

is a nowhere vanishing global section of Fw. The trivialization of 

by a now gives to secondary classes. The following result is due to Bott [Bo72al 
p. 76], Baum-Bott [BB721 Example 1 in Section 11] and Asuke |Asl01 Example 
5.6]. Note that in these references the authors consider transversely holomorphic 
foliations allowing w to be complex. The difference in techniques is as follows. The 
computation of Baum-Bott and Asuke is based on localization of the Chern classes 
sisj to the singular point of the foliation extended to while our computation 

is based on localization to the closed leaves of F, which is an intrinsic process. 


Corollary 7.12. We have 

(7.7) / UiSj{Fy,)= {wo,. .. ,Wm). 

Jg2m+l Sm+1 

Proof. By Lemma 17.111 we have 

/ T v\ IPO + ■ • ■ + Wm ( ^jdzj 1 , 

= 2,yrT [i: — j m 

for X G C°°{TLk). Then we have 

^■7 0 ^ f \ '^0 + ■■■ + Wm 

(7.8) / ui[Fy,) = -. 

Jl, Wk 

for fc = 0,..., m. 

We compute i’^^sj^ai^F, F) for fc = 0, ..., m. Consider the equivariant curvature 
form = dad + \[d,0\ S Vil^{Lk,F) 0 End(p^’°J^) of Since Lk is of 
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dimension one, we have F^{X) = —lxO for X G o, where 9 is the connection form 
of the Chern connection of Letting fe m weights of 

the transverse isotropy a-representation at one can express ix9 as a diagonal 
matrix whose diagonal entries are It follows that 


But we computed the transverse weights {al,} of this example in Section lOl Iden¬ 
tifying a with t/]R6u,, where i is the standard torus acting on with standard 

basis {cj}, for v + = YaLq S a, it is aj{v + - Pj. 

Thus, by Corollary 17.101 we get 


/ uiSj{Fw) = {wo +■■ 

J 52 m + 1 

= (wo + • • 


■ w. 


^)E 




3^k 


k=o^^ rijyifc A 


^)E 


1 Sj{{Wj - Wk)j^k) 


where in the second line we have set /3j = 1, using the fact that the expression 
is independent of the chosen vector v. To finish the proof we have to show the 
following identity for elementary symmetric polynomials: 


(7.9) 


m 


E 


1 Sj{{Wj - Wk)j^k) 

wk rij/feK' - wk) 


Sj{wo, . . .,Wm) 


U 3 WJ 


By multiplying ])[^ wj to both sides, this is equivalent to 


(7.10) 


m 


E 


Sj{{Wj -Wk)j^k)Uj^k'^3 

Uj^kiWj - Wk) 


Sj{wo, ■ ■ ■,Wjn)- 


Let P{wo ,..., Wm) be the left hand side. First we prove that P{wo ,..., Wm) is a 
polynomial in the variables Wj. By reducing the fraction to a common denominator, 
we have 


P{wo, .. .,Wm) = 


Er=0 - Wk)j^k) (jlj^k ^ 3 ) Fkiwo, . . . , Wm) 


I\i<hiWi -Wh) 

where Fk{wo,. ■ ■ ,Wm) = Ili<h,i,h^k(.k^3i - wh). Note that for s ^ t we 

have Ft = (—l)‘“®“^Fs on the subspace Ws = Wt- The nominator 


m / \ 

(7-11) E ^j{{wj Wk)j^k) I J_ Wj 1 Fk(wQm ■ ■ iWm) 

k=0 \3^k j 

is divisible by Ws — Wt for any s < t: Indeed, if we substitute Wg = Wt in (I7.11I1 . 
only the s-th and t-th summands are nonzero, and they cancel each other due to 
Ft = (—l)‘“®“^Fs. This shows that P{wo, ..., Wm) is a polynomial in the variables 
Wj, and it is obviously homogeneous of degree 2| J| = m. 

We see that P{wo ,..., Wm) = sj{wo ,..., Wm) holds when at least one of the 
Wj is zero. Indeed, if Wg = 0, then only the s-th summand of P{wo,--- ,Wm) is 
nonzero, and of the form sj{{wj)j,^s) = sj{wo ,..., Ws-i, 0, rcs-i-i, • • ■, Wm), which is 
exactly the right hand side of Equation (17.1011 . It follows that all the monomials on 
the left and right hand side of Equation (17.101) which do not involve all the variables 
Wj coincide. But as both sides are polynomials of degree m in m -|- 1 variables, all 
monomials are of this form. □ 
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Appendix A. The equivariant basic Thom homomorphism 


A.l. Equivariant basic Euler classes. Let us recall the definition of the equi¬ 
variant basic Euler class. It is a special case of equivariant basic characteristic 
classes (see |Tol4l Section 7.1]). Consider a foliated SO(r)-bundle {P,£) iN,P) 
(see |Tol41 Section 2]), with a transverse [)-action on total and base space that 
commutes on the former with the SO(r)-action, and with an f)-invariant connection 
6 S Q^{P,£) (g)so(r). 

Definition A.l. The equivariant basic Euler form ef^{P,£) of {P,£) —>■ {N,P) is 
defined by 

(A.l) e^(P,£)(A) = - ,x0), 

where = df^O + \[0,0\ £ n^(P, £) ig) so(r) is the equivariant curvature form 
and ( 2 ^)r/ 2 det^^^ G S{so{r)*Y°^'"^ is the Pfaffian, where det^^^ of a 2n x 2n block 

diagonal matrix whose Ah block matrix is (j]*. “q *) is defined to be (—l)"'Ai • • • A„. 
The connection form 9, on which the Euler form depends, is suppressed in the 
notation for simplicity. 


For our applications the most important special case is the equivariant basic 
Euler form of the normal bundle of a connected component N of the union of 
closed leaves C of a Killing foliation P. We assume vN to be oriented. Let P be 
the corresponding principal foliated bundle of its oriented orthonormal frames. It 
carries a Riemannian foliation £, where a leaf through a given orthonormal frame 
f of i/N with foot point p consists of all those frames obtained by sliding f along 
the leaf through p. Then the projection {P,£) {N,P\N) is a foliated principle 

bundle. Since the a-action of (M, P) is trivial on N and preserves each normal space 
VpN, the foliated bundle is equivariant with respect to the restricted a-action. By 
ea{vN,P) := ea{P,£) we denote the equivariant basic Euler form of this foliated 
bundle. Let us explain that in this case, similarly to the ordinary equivariant 
Euler form, it is just the product of the weights of the (transverse) a-isotropy 
representation. The weights appear in the following way. As a acts transversely 
isometrically (' |GT10) L we have the representation a —>■ so^VpN); X i-)> [A^]) 
p G N arbitrary, where X^ denotes the associated transverse vector field for X G a. 
Since a is abelian, with respect to some oriented orthonormal frame f : R 


every A £ a is a block diagonal matrix with blocks of the form ^ 
which defines the weights aj G a* and weight subbundles V, of i/A. 


" —>■ v'pX, 

0 

iW 0 J 


Proposition A.2. Let P be a Killing foliation of codimension k, and let N be 
a connected component of the union of closed leaves, with oriented normal bundle 
vN. Then vN can be decomposed as 


(A.2) 


uN = ^V, 


where Vj is an a-invariant vector bundles of rank 2 whose weight is given by aj. 
Then 

(A.3) eaivN,P){X) = ^ ]^aj(A) -|- (terms of lower polynomial degree). 

If, in particular, N consists of only one leaf, then the terms of lower polynomial 
degree vanish. 


Proof. The purely polynomial part of the equivariant basic Euler form Ca [vN, P) £ 
Ha{N,P) = H{N,P) (g S'(a*) is the equivariant basic Euler form ea{r'N\L,P) £ 












32 


OLIVER GOERTSCHES, HIRAKU NOZAWA, AND DIRK TOBEN 


Ha{L,F) = S{a*) of its restriction to a generic leaf L of J^\N. Let ^ ^ UpN 

be an adapted orthonormal frame of the normal space as before and denote by 
6 the so(fc)-connection associated to the Levi-Civita connection of the transverse 
metric on i^N. We consider the induced transverse action of a on the bundle of 
orthonormal frames of vN. We claim that X G a, is the same block 

diagonal matrix described above with blocks of the form ) ■ Below, 

we consider the flow on local leaf spaces generated by the transverse vector field 
X^. Now observe 


9 w I— [X^^(1;)](p)} = ju 

d 

dt 


dt 


dexp{—tX^)^{v] 


t=o 


t=o 


((iexp(-tX^) o ^) = ^ o 


In the second equality we pass from the isometric action on the local leaf space to 
the induced action on the orthonormal frame bundle of the tangent bundle of the 
local leaf space; we see that exp{—tX^) o f is a vertical curve in the frame bundle 
with tangent vector —in This proves our claim. Since n{L,J-) is trivial for 
degrees greater than 0, the restriction of to L vanishes and we have 






1 

(-27r)'=/2 


l[a,iX). 


□ 


A.2. The basic Thom form. In this section we define equivariant basic Thom 
classes by adapting the construction of Mathai and Quillen |MQ86| of a universal 
Thom form to our basic setting. We follow [GS991 Sections 10.2 and 10.3]. The 
basic steps of this construction have also been indicated in |T6141 Section 6]. 

Assume that F is Killing, so that we have the natural transverse action of the 
structural Killing algebra a. Let z : iV —>• M be a closed stratum of the a-action, 
i.e., iV is a connected component of the union C of closed leaves of T. Let r be 
the codimension of N. Denote by p : vN —>■ N the normal bundle of N, which 
we identify with a small saturated tubular neighborhood around N by the normal 
exponential map vN —>■ M. We denote the induced foliation on i/N by F. Let P 
be the SO(r)-bundle of oriented frames in i/N. On P we have a natural foliation 
a leaf of £ through a given frame ^ consists of all frames that are obtained by 
sliding ^ along the leaf of F containing the foot point of Now the projection 
TT : P X R’’ —)> P Xgo(r) R’’ = vN sends the product foliation £ x {*] to F. 

Let /i G D 5 o(r)(R’') be the universal Thom form of Mathai and Quillen given by 

= V/2 ^Odet^^^ dxic, 

see also [Me061 Eq. (40)]. Here, the sum is taken over all subsets I of {I,.. .r} 
with an even number of elements. For X G so(r), Xj denotes the matrix obtained 
from X by deleting those rows and columns that are not in /, and F denotes the 
complement of I. The sign £/ G {±1} is defined by dxjdxjc = ejdxi ■ ■ ■ dxr- We 
let p be the SO(r)-equivariant diffeomorphism from the open unit ball P C R'’ to 
R’’ given by 

x 

■ 


p{x) = 
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Then p *can be extended to an equivariant differential form of compact support 
on R’' by setting it to zero outside of B. We consider now the form p*p, (g) 1 G 
where a is supposed to act trivially on R’’. 

Note that the connection form 0 on P of the canonical basic Riemannian con¬ 
nection is a-invariant. The Cartan map with respect to 0 is defined by 

Ka ■ ^axso(r),cviP X R’',£’ X {*}) -S> ^a,cv(vN,B)] 

f ® U) I )■ f {F^ ) A a^horso(r); 

where = dgO + \ [0,9] G ® so{r) is the a-equivariant curvature of 0, 

and the subscript horso(r) denotes projection on the horizontal component (for the 
projection see e.g. |GS99[ p. 58]). Moreover, we consider here equivariant differential 
forms with compact vertical support (on the left hand side with respect to the vector 
bundle projection P x R’’ —>■ P). These do not form a differential graded algebra of 
type (C), as the connection form does not necessarily have compact support, but 
still they are a W*-module in the sense of |GS991 Section 3.4]. 

Let pr 2 : P X R’’ —>• R*" be the second projection. 


Definition A.3. The equivariant basic Thom class of {N,F) in {M,F) is de¬ 
fined as the cohomology class of the image oi p* p(E) 1 under the composition 


^ ^axMr),cviP X £ X {*}) ^ (l/iV, P), 


where the compact vertical support in the middle refers to the projection P xW ^ 
P. So 


(A.4) := KaiwliP*T ® !))■ 

We state two fundamental properties of equivariant basic Thom classes. The 
map p : vN —> A as a foliated map is equivariant with respect to the trans¬ 
verse action of the structural Killing algebra a. Therefore the fiber integration 
p, : n(]+*(z^A, P) —^ n*(A,P) is an a-dga map. Thus we obtain an S{a*)- 
homomorphism p* : P^+*(z/A, P) —)■ P*(A, P), which is an isomorphism (see 
fToTil p. 20]). 

Lemma A.4. Wc have 

(A.5) p*$a = 1, 

(A.6) =e„(i/A,P), 

where j : N — > vN is the canonical inclusion and ea{vN,F) is the equivariant basic 
Euler class of the bundle P ^ N (see Eq. 

For the proof, we refer to [GS991 Section 10.4] and |GS991 Section 10.5], re¬ 
spectively (see also |Me06) l. As p* is an isomorphism as mentioned above, (IA.5I) 
characterizes the equivariant basic cohomology class [$ 0 ]. 


A.3. The equivariant basic Thom homomorphism. The following is a well 
known result in the classical context, which is necessary to define the equivariant 
basic Thom homomorphism. Recall that A is a connected component of the union 
C of closed leaves. 

Lemma A.5. A map Ta : n*(A, P) —;> n(]+*(i/A, P) defined by 

r„(w) =p*w A 

where G is the basic Thom form (see (IA.4I) 1. induces the inverse 

ofp* : ^ A„*(A,P). 
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Proof. For each equivariant basic form w we can verify 

{v* oT„(a;))(X) =pt{p*uj{X) A ^a{X)) = w(X) Ap*($a(X)) = uj{X) 

for all X £ a* by using the projection formula for forms [GHV721 Prop. IX, 1.7.13] 

and Equation (Toil . □ 

Definition A.6. The composition 

H: (N, T) Hl+: (vA, P) -- HI+-(M, F) 

is denoted by z* and called the equivariant basic Thom homomorphism^ where the 

second map is indnced by the inclusion (lyN.J^) —)■ {M,T). 
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